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Both graphs have spectrum {—2,0,0,0, 2}.
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Cospectral graphs

]

S —
Both graphs have spectrum {—2,0,0,0, 2}.

Definition

Graphs with the same spectrum are cospectral.
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Cospectral graphs: conjecture

Conjecture (van Dam and Haemers, 2003)

Almost all graphs are determined by their spectrum.
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Conjecture (van Dam and Haemers, 2003)

Almost all graphs are determined by their spectrum.

» Interesting for complexity theory

Figure: Is graph isomorphism an easy or hard problem?
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Cospectral graphs: conjecture

Conjecture (van Dam and Haemers, 2003)

Almost all graphs are determined by their spectrum.

» Interesting for complexity theory
» Interesting for chemistry

Figure: The molecular graph of acetaldehyde (ethanal).
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» Interesting for complexity theory
» Interesting for chemistry

2t Almost all trees are not determined by their spectrum
[Schwenk, 1973]

*t) Exponentially many graphs are not determined by their
spectrum [Haemers and Spence, 2004]

¥ Computational evidence [Brouwer and Spence, 2009]

n [3 4 5 6 7 8 9 10 11
ratio | 1 1 0941 0936 0895 0.861 0814 0.787 0.789
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Cospectral graphs: conjecture

Conjecture (van Dam and Haemers, 2003)

Almost all graphs are determined by their spectrum.

» Interesting for complexity theory
» Interesting for chemistry

2t Almost all trees are not determined by their spectrum
[Schwenk, 1973]

*t) Exponentially many graphs are not determined by their
spectrum [Haemers and Spence, 2004]

¥ Computational evidence [Brouwer and Spence, 2009]

¥ Exponentially many graphs are determined by their spectrum
[Koval and Kwan, 2023]
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R-cospectral graphs

Two graphs with adjacency matrices A and A’ such that

A+rJ and A +rJ

have the same spectrum for all » € R, are R-cospectral.
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Definition

Two graphs with adjacency matrices A and A’ such that
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R-cospectral graphs

Two graphs with adjacency matrices A and A’ such that

A+rJ and A +1rJ
have the same spectrum for all » € R, are R-cospectral.

Theorem (Johnson and Newman, 1980)
Let T andT' be two graphs with adjacency matrices A and A’. The
following are equivalent:

» I and T’ are R-cospectral.
» T andT" are cospectral and so are their complements.

» There is a regular orthogonal matrix Q) such that A’ = QT AQ.
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R-cospectral graphs

Two graphs with adjacency matrices A and A’ such that

A+rJ and A +1rJ
have the same spectrum for all » € R, are R-cospectral.

Theorem (Johnson and Newman, 1980)
Let T andT' be two graphs with adjacency matrices A and A’. The
following are equivalent:

» I and T’ are R-cospectral.
» T andT" are cospectral and so are their complements.

» There is a regular orthogonal matrix Q) such that A’ = QT AQ.

is regular orthogonal <— QTQ = I and Q1 = r1
g 4
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R-cospectral graphs: weaker conjecture

Almost all graphs are determined by their spectrum and the spectrum
of their complement.
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Definition
Graphs with adjacency matrices A and A’ are semi-isomorphic if
A’ = QT AQ for a regular orthogonal matrix Q of level 2.

Q has level ¢/ <= ¢ is the smallest integer such that /() is integral

level 1 <= (@ is a permutation matrix
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R-cospectral graphs: weaker conjecture

Conjecture

Almost all graphs are determined by their spectrum and the spectrum
of their complement.

¥ Sufficient condition for a graph to be determined by its
spectrum and the spectrum of its complement [Wang and Xu, 2006]

¥ Evidence that a positive fraction of all R-cospectral graphs are
semi-isomorphic [Wang and Xu, 2010]

Definition

Graphs with adjacency matrices A and A’ are semi-isomorphic if
A’ = QT AQ for a regular orthogonal matrix Q of level 2.

Q has level ¢/ <= ¢ is the smallest integer such that /() is integral
level 2 <—7
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Regular orthogonal matrices of level 2

Theorem (Chan, Rodger and Seberry, 1986)

Up to permutations of rows and columns, an indecomposable regular
orthogonal matrix of level 2 and row sum 1 is one of the following:

rJ O oo e oY
Y J O - - o
-1 1 1 1
. 1 - 5 4 oy g o0
(Z)§ 1 1 —1 1 7(7‘7‘)5 )
Lo L o OY J O
LO - - oY J
-1 1 1 0 1 0 07
0 -1 1 1 0 1 0
0 0 -1 1 1 o0 1 T
(ii1) & 1 0 0 -1 1 1 0f,@3| 7 7 _z 711l
0o 1 0 0 -1 1 1 1 1 7 _z
1 0 1 0 0 -1 1
1 1 0 1 0 0 —1]

wherel, J,0,Y =21 — Jand Z = J — I, are 2 X 2 matrices.
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Previous work on level 2

» A. Abiad and W.H. Haemers, Cospectral Graphs and Regular
Orthogonal Matrices of Level 2. Electron. J. Comb. 19 (2012), P13.

» L. Mao, W. Wang, F. Liu and L. Qiu, Constructing cospectral
graphs via regular rational orthogonal matrices with level two.
Discrete Math. 346 (2023), 113156.
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Table of contents

Switching methods

A switching method is a graph operation, resulting in a cospectral
graph. It needs a switching set with some conditions.
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Known switching methods: GM-switching

Theorem (Godsil and McKay, 1982)

LetI' be a graph with a subgraph C' such that:
» C isregular.
» Every vertex outside C has 0, 3|C| or |C| neighbours in C.

For every v ¢ C that has exactly 1|C| neighbours in C, reverse its
adjacencies with C. The resulting graph is R-cospectral with I".
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Known switching methods: GM-switching

Theorem (Godsil and McKay, 1982)

LetT" be a graph with a subgraph C' such that:
» C isregular.
» Every vertex outside C has 0, 3|C| or |C| neighbours in C.

For every v ¢ C that has exactly 1|C| neighbours in C, reverse its
adjacencies with C'. The resulting graph is R-cospectral with I

Proof.

T
A Al _ |%J—I O A A %J—I O
Ay Ago @) I Ay Ago @) 1)’
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Known switching methods: WQH-switching

Theorem (Wang, Qiu and Hu, 2019)

LetT' be a graph with disjoint subgraphs C', Cy such that:
> |G| = [Cyl.
» There is a constant c such that, for every vertex of C;, the number of
neighbours in C; minus the number of neighbours in Cj, is c.

» Every vertex outside C7; U Cy has either:

» 0 neighbours in C; and |Cs| in Cs,
» |C1| neighbours in Cy and 0 in Co,
» equally many neighbours in C and Cs.

For every v ¢ C1 U Cy for which one of the first two cases holds, reverse its
adjacencies with Cy U Cy. The resulting graph is R-cospectral with I".
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Known switching methods: WQH-switching

Theorem (Wang, Qiu and Hu, 2019)
LetT" be a graph with disjoint subgraphs C1, Cy such that:
> |Gl =Cyl.
» There is a constant c such that, for every vertex of C;, the number of
neighbours in C; minus the number of neighbours in C, is c.

» Every vertex outside C; U Cy has either:

» 0 neighbours in Cy and |Cs| in Cs,
» |C4| neighbours in Cy and 0 in Cs,
» equally many neighbours in C1 and Cs.

For every v ¢ Cy U Cy for which one of the first two cases holds, reverse its
adjacencies with Cy7 U Cy. The resulting graph is R-cospectral with T.

C C,
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Known switching methods: WQH-switching

Theorem (Wang, Qiu and Hu, 2019)
LetT" be a graph with disjoint subgraphs C1, Cy such that:
> |Cq| =|Cy .

» There is a constant c such that, for every vertex of C;, | the number of
neighbours in C; minus the number of neighbours in Cj, is ¢ .

» Every vertex outside C; U Cy has either:

» 0 neighbours in Cy and |Cs| in Ca,
» |C1| neighbours in C; and 0 in Cs,
» equally many neighbours in C7 and Cs.

For every v ¢ Cy U Cs for which one of the first two cases holds, reverse its
adjacencies with C; U Cy. The resulting graph is R-cospectral with T

Cs oy C

T ° ./_ , 2
W i S 10/21



Level 2 switching methods

Theorem (Chan, Rodger and Seberry, 1986)

Up to permutations of rows and columns, an indecomposable regular
orthogonal matrix of level 2 and row sum 1 is one of the following:

GM/WQ }{ 3 S o g
oY J O ---0
(i) 5 o :
0. 0Y JoO
O o o oY J

(i)

oo~ RHOR

ORFRRORO

N
HROR,OOR
O OO R

|
ROoOOoORrRRFRH~O

HORFROORMFF
RO OO
=
=
<
<
NI
| |

|
~ i~~~

|
~ NN~
|

NN~ ~
|
N~ N~
| —

wherel, J,0,Y =21 — Jand Z = J — I, are 2 X 2 matrices.
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Level 2 switching methods

Theorem (Chan, Rodger and Seberry, 1986)

Up to permutations of rows and columns, an indecomposable regular
orthogonal matrix of level 2 and row sum 1 is one of the following:

(i)

N
HROR,OOR
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Known switching methods: AH-switching

Theorem (Abiad and Haemers, 2012)
LetT be a graph with a vertex partition {C1, Cs, Cs, D} such that:

» The induced subgraph on C; U Cy U Cj is 2 g.\ f
» Every vertex in D has the same number
of neighbours in C1, Cy and C's mod 2. Ci Cy 3

Let  be the permutation on C1 U Cy U C'5 that shifts the vertices cyclically to
the right. For every v € D that has exactly one neighbour w in each C;,

replace each edge {v,w} by {v, m(w)}.
Replace the induced subgraph on Cy U Cy U C5 by i /.2 é
The resulting graph is R-cospectral with T.
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Known switching methods: AH-switching

Theorem (Abiad and Haemers, 2012)
Let T be a graph with a vertex partition {C1, Cs, C5, D} such that:

» The induced subgraph on C; U Cy U Cj is i g.\ i
> £ veri vertex in D has the - C. Gy C

Let m be the permutation on Cy U Cy U C'5 that shifts the vertices cyclically to
the right. For every v € D that has exactly one neighbour w in each C;,

replace each edge {v,w} by {v, w(w)}.
Replace the induced subgraph on C; U Cy U C3 by z ; g
The resulting graph is R-cospectral with I'.
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Known switching methods: AH-switching

Theorem (Abiad and Haemers, 2012)
Let T be a graph with a vertex partition {C1, Cs, C5, D} such that:

» The induced subgraph on C; U Cy U Cj is i g.\ i .

» Every vertex in D has the Ci C, C;

Let m be the permutation on Cy U Cy U C'5 that shifts the vertices cyclically to
the right. For every v € D that has exactly one neighbour w in each C;,
replace each edge {v,w} by {v, w(w)}.

Replace the induced subgraph on C; U Cy U C3 by

The resulting graph is R-cospectral with I'.

Cj] (/VQ Cj;g C'Vl C 2 C"ii _I 2 / 2 _I



New switching methods: 8 vertices

Proposition (Abiad, van de Berg and Simoens, 2024+)

Every switching that corresponds to a conjugation with the matrix

JOOY

O
J
Y

N | =
QoKX
QX

T QOO

<

can be obtained by repeated GM- and AH-switching.
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New switching methods: 10 vertices

Theorem (Abiad, van de Berg and Simoens, 2024+)

Let T be a graph with a vertex partition {C1, Co, C3, Cy, Cs, D} such that:
» |C1| =|Ca| = |C5| = |Cy| = |C5| =2.

» Every vertex in D has the same number of neighbours in Cy, Cs, Cs3, Cy
and Cs modulo 2.

» Foralli € /57, e o
the induced subgraph on C; U Cjy1 is or % and the

([ ] [ ]
°
induced subgraph on C; U Cy 5 is N or i
[ ]

Let 7 be the permutation on Cy U - - - U C'5 that shifts the vertices cyclically to
the right. For every v ¢ C' that has exactly one neighbour w in each C;,
replace each edge {v,w} by {v, w(w)}.

For alli € 7Z/5Z, replace the induced subgraph on C; U C;15 by the former
induced subgraph on C;_; U Cj .

The resulting graph is R-cospectral with I'.
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New switching methods: 2m vertices

Theorem (Abiad, van de Berg and Simoens, 2024+)

Let T be a graph with a vertex partition {C4, - - - ,Cy,, D}, m odd, such that:
> [Ci] = =|Cn| =2

» Every vertex in D has the same number of neighbours in C1, Cs, C3, Cy
and C's modulo 2.

» Foralli,j € Z/mZ withj € {i+1,...,i+ ==L}, C;UC; is

o o
or % ifj <i+ 2t

19 04 v

Let 7 be the permutation on Cy U 'm that shifts the vertices cyclically
to the right. For every v ¢ C that has exactly one neighbour w in each C;,
replace each edge {v,w} by {v, w(w)}.

For alli € Z/mZ, replace the induced subgraph on C; U Ci_l_mT—l by the
former induced subgraph on C;—1 U C;  m-1

The resulting graph is R-cospectral with I'.
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New switching methods: 2m vertices

Theorem (Abiad, van de Berg and Simoens, 2024+)

Let T be a graph with a vertex partition {C4, - - - ,Cy,, D}, m > 4, such that:
> |Ci| = =|Cp| =2

» Every vertex in D has the same number of neighbours in Cy, Cs, Cs3, Cy
and Cs modulo 2.

» The induced subgraph on Cy U - -- U Cy, is

E Sttt

Let w be the permutation on Cy U - - - U C, that shifts the vertices cyclically
to the right. For every v ¢ C that has exactly one neighbour w in each C;,
replace each edge {v,w} by {v,m(w)}.

Replace the induced subgraph on Cy U - - - U C,,, by

e S

The resulting graph is R-cospectral withT'.
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Overview new results

» Classification of level 2 switching methods with blocks up to
size 12:
» 4 vertices: 1type; GM-/WQH-switching
» 6 vertices: 1type; AH-switching
» 8 vertices: 0 types; always reducible
» 10 vertices: 3 types
» 12 vertices: 18 types

» Three new general switching methods with blocks of size 2m
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Asymptotic bounds

Let g,, denote the number of graphs on n vertices.

Theorem (Haemers and Spence, 2004)

At least n3g,_1 (i Ik 0(1)) graphs onn vertices are not determined
by their spectrum.
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Asymptotic bounds

Let g,, denote the number of graphs on n vertices.

Theorem (Haemers and Spence, 2004)

At least n3g,_1 (i Ik 0(1)) graphs onn vertices are not determined
by their spectrum.

Theorem (Abiad, van de Berg and Simoens, 2024+)

There are n3g,,_1 (5 + 0(1)) graphs on n vertices with a
GM-switching set of size 4.

Theorem (Abiad, van de Berg and Simoens, 2024+)

There are between

1 11,

n4gn,2(i —o(1)) and n4gn,2(§)” 629 + 0(1))

graphs on n vertices with a WQH-switching set of size 6.
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Further research

Ongoing work:
» Asymptotic bounds on Abiad-Haemers switching
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Further research

Ongoing work:
» Asymptotic bounds on Abiad-Haemers switching
» Numerical experiments with new switching methods
» Sporadic 8 vertex switching
» Fano switching

1 1 1.0 1 0 0
0-1 1 1 0 1 0
o o0o-1 11 01
110 0-1 1 1 0
2l 0010 0-1 1 1
1 010 0-1 1
110 1 0 0-1
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Thank you for listening!
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